Abstract. In this paper we construct the first known explicit family of K3 surfaces defined over the rationals that are proved to have geometric Picard number 3. This family is dense in one of the components of the moduli space of all polarized K3 surfaces with Picard number at least 3. We also use an example from this family to fill a gap in an earlier paper by the first author. In that paper, an argument for the nonexistence of canonical vector heights on K3 surfaces of Picard number 3 was given, based on an explicit surface that was not proved to have Picard number 3. We redo the computations for one of our surfaces and come to the same conclusion.
Introduction
The main result of this paper is the construction of an infinite family of K3 surfaces with geometric Picard number 3 that is dense in a component of the moduli space of polarized K3 surfaces of Picard number at least 3. This family is given by smooth (2, 2, 2)-forms in P 1 × P 1 × P 1 . The methods we use are similar to those in [5] .
The second intent of this paper is to fill a gap in an argument in [1] , which was pointed out by Yuri Tschinkel in the review of the paper and privately by Bert van Geemen. In that paper, the first author gave convincing numerical evidence for the nonexistence of canonical vector heights on K3 surfaces of Picard number 3. Though the Picard number of the surface used in [1] is at least 3, it was not proved to equal 3. Instead of proving equality, we redo the calculations using one of the surfaces found here. Again, we come to the conclusion that canonical vector heights do not exist.
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K3 surfaces with Picard number three
Let k be a field with a fixed algebraic closure k. Let X be a smooth surface over k in P 1 ×P 1 ×P 1 , given by a (2, 2, 2)-form. Then X is a K3 surface, which implies that linear, algebraic, and numerical equivalence all coincide. This means that the Picard group Pic X and the Néron-Severi group NS X of X = X k are naturally isomorphic, finitely generated, and free. Their rank is called the (geometric) Picard number of 1494 ARTHUR BARAGAR AND RONALD VAN LUIJK X. By the Hodge Index Theorem, the intersection pairing gives this group the structure of a lattice with signature (1, rk NS X − 1). For detailed definitions of all these notions, see [5] . Note however, that in this paper the Picard number always refers to the geometric Picard number.
For i = 1, 2, 3, let π i : X → P 1 be the projection from X to the i-th copy of P Let x, y, and z denote the affine coordinates of A 1 inside the three copies of P 
is a smooth K3 surface. The Picard number of Y Q equals 3.
Remark 2.2. A surface in P 1 ×P 1 ×P 1 given by a (2, 2, 2)-form F is determined by the coefficients of 27 monomials. Since the equation F = 0 is homogeneous, this gives a 26-dimensional family of K3 surfaces. After dividing out by the 3-dimensional automorphism groups of the three copies of P 1 , this leaves a 17-dimensional family of isomorphism classes. Note that the dimension of the moduli space of polarized K3 surfaces whose Néron-Severi group contains a prescribed lattice of rank ρ equals 20 − ρ. For the lattice Λ of rank ρ = 3 generated by the D i as described above, this reflects the fact that the family of smooth surfaces in P 1 × P 1 × P 1 given by (2, 2, 2)-forms contains an open subset that is birationally equivalent with the moduli space of K3 surfaces X together with an embedding of the lattice Λ into NS X. The freedom of choice for H shows that the surfaces of Theorem 2.1 form a set that is dense in this moduli space in both the Zariski and the real analytic topology.
To bound the Picard number, we use the method described in [5] . We first state some results and notation that we will use. Let X be any smooth surface over a number field K and let p be a prime of good reduction with residue field k. Let X be an integral model for X over the localization O p of the ring of integers O of K at p for which the reduction is smooth. Let k be any extension field of k. Then by abuse of notation we will write X k for X × Spec O p Spec k . 
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Then there are natural injections Using magma, we counted the number of points over small fields fiber by fiber. The total numbers of points are given in Table 1 . The Lefschetz Trace Formula relates the number of F p n -rational points on Y p to the traces of the p n -th power Frobenius acting on 
Normally this is phrased in terms of the cohomology groups without the twist. For K3 surfaces we have dim H i = 1, 0, 22, 0, 1 for i = 0, 1, 2, 3, 4, respectively. Since the action for i = 2 is trivial, from the numbers in Table 1 
4 f Φ p , where f T stands for the characteristic polynomial of the linear operator T . From the traces of the first s > 0 powers of a linear operator one can derive the first s coefficients of its characteristic polynomial (see [5] , Lemma 2.4). Once enough coefficients of f Φ p are computed, the full polynomial f Φ p follows from the functional equation Note that the coefficient of t 9 in f Φ 2 is zero, so we used the number of points over F 10 2 to compute the coefficient of t 8 , from which we determined the sign of the functional equation to be positive. Both f Φ p are irreducible. Their roots are not integral and therefore they are not roots of unity. By Proposition 2.3 we find that the Picard numbers of Y 2 and Y 3 are both bounded by 4, so they are equal to 4 and Λ p has finite index in NS(Y p ) for p = 2, 3. It is well known that if Λ is a sublattice of finite index in the lattice Λ, then we have
Thus, up to a square factor, the discriminants of NS(Y 2 ) and NS(Y 3 ) are equal to −28 and −32, respectively. From the first injection of Proposition 2.3 we find rk NS(Y ) ≤ 4. Suppose we had equality. Then the lattice NS(Y ) would be isomorphic to a sublattice of finite index in NS(Y p ) for both p = 2 and p = 3. By (1), this implies that up to a square factor, the discriminant of NS(Y ) is equal to both −28 and −32. This contradicts the fact that −28 and −32 do not differ by a square factor. We therefore conclude that equality does not hold and we have rk NS(Y ) ≤ 3. Since the classes D 1 , D 2 , and D 3 are linearly independent, we deduce rk NS(Y ) = 3.
Nonexistence of canonical vector heights
One way to fill the gap in [1] would be to prove that the surface used there has Picard number 3. The only method currently known to do this is the method used in the previous section. It requires two primes of good reduction for which the reductions have Picard number 4. Modulo 2 and 3 the Picard numbers turn out to be 16 and 6, respectively (depending on Tate's conjecture). The computations required to calculate the Picard number modulo larger primes are currently beyond our ability as counting points takes too much time. We therefore redo the calculations in [1] for one of the surfaces of Theorem 2.1.
For the remainder of this section, let Y denote the surface associated to H = 0 as in Theorem 2.1. Then Y has Picard number 3. As in [1] , we let σ i denote the involution associated to the 2-to-1 projection Y → P 1 × P 1 along the i-th copy of 
is a vector height, so for every divisor class E ∈ NS(Y ) ⊗ R, a Weil height h E associated to E is up to O(1) given by P → h(P ) · E. Vector heights also satisfy the property that h(σP ) = σ * h(P ) + O(1) for all σ ∈ Aut(Y ) and all P ∈ Y (Q), where σ * acts on NS(Y ) ⊗ R and bounds on the error term may depend on σ but not on P . We say a vector heightĥ is a canonical vector height if the error term is zero for all σ and all P .
Suppose σ is an automorphism of Y and that the pullback σ * acting on NS(Y )⊗R has a real eigenvalue ω > 1 with associated eigenvector E. Silverman [2] defined the canonical height (with respect to σ) to bê
The canonical heightĥ E and the canonical vector heightĥ satisfy the relation h E =ĥ · E (see [1] ). Set γ = Table 2 contains the estimates ω −n h(σ n kji P 0 ) · E ijk of the canonical heightĥ E ijk (P 0 ) (canonical with respect to σ kji ) for all permutations (i, j, k) and n ∈ {1, . . . , 5}.
These estimates appear to converge geometrically, as expected. We believe, without rigorous proof, that the estimates of the canonical heights for n = 5 are correct up to an error of at most 0.0001 and are probably correct up to 0.00001. The six estimates in Table 2 give us six linear equations in the three components of h(P ), leading to a contradiction. More precisely, following an argument similar to that presented in [1] , we conclude the following, which gives evidence against the existence of a canonical vector height on Y . 
